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Abstract. For a tripartite pure state superposed by two individual states, the bipartitely shared entan-
glement can always be achieved by local measurements of the third party. Consider the different aims of
the third party, i.e. maximizing or minimizing the bipartitely shared entanglement, we find bounds on
both the possible bipartitely shared entanglement of the superposition state in terms of the corresponding
entanglement of the two states being superposed. In particular, by choosing the concurrence as bipartite
entanglement measure, we obtain calculable bounds for tripartite (2⊗ 2⊗ n) -dimensional cases.
PACS. 03.65.Ud – 03.67.Mn – 03.65.Ta
1 Introduction
How the entanglement of a state depends on the entangle-
ment of individual states in the superposition is the key to
well understand the nature of entanglement. It also plays
an important role in understanding the entanglement of
a mixed state. This question was first addressed by Lin-
den, Popescu and Smolin in Ref. [1], who employed von
a
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Neumann entropy of the reduced matrix as entanglement
measure (ER) and presented an upper bound on ER of
the superposed states in terms of those of the states being
superposed. The von Neumann entropy of |Ψ〉 was defined
[2] by
E(|Ψ〉) = S(ρx) = −Trρx log2 ρx, (1)
where ρx =Trx |Ψ〉 〈Ψ | denotes the reduced density ma-
trix of A or B. Recently this problem becomes active and
has been extensively studied. Yu et al have studied the
concurrence of superpositions [3] and presented an upper
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bound and a lower bound on the concurrence of super-
positions. Ou et al [4] give an upper bound on the neg-
ativity of superpositions. Niset and Cerf [5] reconsidered
the concurrence of superpositions and gave lower and up-
per bounds simpler than ours. Jitesh R. Bhatt et al [6]
addressed the problem by considering two superposed co-
herent states. Davalvanti et al [7] and Song et al [8] have
addressed the entanglement of superpositions for multi-
partite quantum states by employing different entangle-
ment measures. Most recently, Gour [9] reconsidered the
question in Ref. [1] and presented tighter upper and lower
bounds.
In this paper, we consider the bounds on entangle-
ment induced by superposition in a new and very inter-
esting case. As we know, one of the important methods
to producing bipartite entanglement is the reduction of
a multipartite entangled state to an entangled state over
fewer parties (e.g. bipartite) via measurements [10]. A nat-
ural and very interesting question is that if a tripartite
quantum pure state superposed by two individual states
is considered, how the entanglement shared by two par-
ties with the third party’s assistance is influenced by the
superposition of the two individual states (Here it implies
that von Neumann entropy is employed as bipartite en-
tanglement measure). Suppose that tripartite pure states
are shared by Alice, Bob and Charlie and we concern bi-
partite entanglement shared by Alice and Bob. There are
two different possibilities considering Charlie’s different
aims. One is to minimize the entanglement between Al-
ice and Bob described by bipartite entanglement of their
reduced density matrix (say bipartite entanglement in the
following for simplification), the other is to maximize the
entanglement with assistance of Charlie described by the
entanglement of assistance (EoA) [10,11].
We will show how bipartitely shared entanglement on
the corresponding entanglement of individual states in the
superpositions1. Upper bounds on bipartite entanglement
and EoA are derived in terms of the entanglement of the
states being superposed. The corresponding lower bounds
can be naturally obtained analogously to Ref. [5,8] and
the generalization to the case of the superposition of more
than two terms is straightforward. Both are briefly stated
here. What is more, because bipartite entanglement and
EoA are inconvenient to calculate and in particular, EoA
1 In other words, we consider the entanglement of reduced
density matrix of the superposed tripartite quantum pure
states. One should note that it is essentially different from di-
rectly considering the entanglement of a given ensemble. The
reasons are as follows. 1) The reduced density matrix of two
superposed tripartite pure states is obviously different from
the classical sum of two corresponding mixed states. 2) For a
tripartite pure state, the entanglement shared by two parties
can be adjusted by the assistance of the third party; For a give
ensemble (or mixed state), its entanglement only denotes the
minimal average entanglement of all pure-state realizations,
it is no sense in saying the maximal entanglement of a given
ensemble. 3) Since EOA (in particular COA) characterizes tri-
partite entanglement instead of bipartite entanglement [12],
what we are considering is tripartite entanglement instead of
bipartite entanglement. Our system should include 3 subsys-
tems instead of only bipartite mixed states
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is not an entanglement monotone [12], we also consider
that Alice, Bob and Charlie share tripartite (2⊗ 2⊗ n)
-dimensional pure states and find the bounds on the en-
tanglement bipartitely shared by Alice and Bob by em-
ploying concurrence as bipartite entanglement measure. In
this case, the minimal and the maximal bipartitely shared
entanglement are given, respectively, by Wootters’ concur-
rence [13] and concurrence of assistance (CoA) [11,14,15]
which is shown to be a tripartite entanglement monotone
[11].
The paper is organized as follows. In Sec. II, by utiliz-
ing von Neumann entropy as bipartite entanglement mea-
sure, we derive upper bounds on bipartitely shared entan-
glement of superposed tripartite quantum states. In Sec.
III, calculable bounds on bipartitely shared entanglement
are found for (2 ⊗ 2 ⊗ n)-dimensional quantum states in
terms of bipartite concurrence. The conclusion is drawn
finally.
2 Bounds in terms of von Neumann Entropy
Given a tripartite quantum pure state |Υ 〉ABC , the entan-
glement of reduced density matrix can be given by
E (ρAB) = min
∑
i
piE (|Λ〉AB) (2)
and EoA is defined by [11]
Ea (|Υ 〉ABC) = max
∑
i
piE (|Λ〉AB) , (3)
where the minimum and the maximum are taken over all
possible decompositions of
ρAB = TrC (|Υ 〉ABC 〈Υ |) =
∑
i
pi |Λ〉AB 〈Λ| . (4)
Note that the subscript ABC throughout of the paper
denotes Alice, Bob and Charlie, respectively.
Theorem 1. Suppose that |Φ〉ABC and |Ψ〉ABC are
two normalized tripartite pure states, and |Γ 〉ABC = α |Φ〉ABC+
β |Ψ〉ABC be the superposed state with |α|2+ |β|2 = 1. Let
̺AB =TrC (|Γ 〉ABC 〈Γ |), ̺1AB =TrC (|Φ〉ABC 〈Φ|) and ̺2AB =
TrC (|Ψ〉ABC 〈Ψ |), then
||Γ 〉ABC |2E (̺AB) ≤ |α|2 [E (̺1AB) + Ea (|Φ〉ABC)]
+ |β|2 [Ea (|Ψ〉ABC) + E (̺2AB)] + 4 |αβ| , (5)
and
||Γ 〉ABC |2Ea (|Γ 〉ABC)
≤ 2
[
|α|2Ea (|Φ〉ABC) + |β|2Ea (|Ψ〉ABC) + 2 |αβ|
]
,(6)
where ||Γ 〉ABC | denotes l2 norm of |Γ 〉ABC .
Proof. Based on HJW theorem [16], any ensemble
that represents ̺AB can be achieved by the local Positive
Operator Value Measurements (POVM) [17] on Charlie’s
system. Let Mj = IAB⊗Nj,
∑
j NjN
†
j = 1 be the POVM
operators on Charlie’s party written in terms of Kraus
operators [14], then the corresponding ensemble can be
given by {pij, |Υij〉AB} where
√
pij |Υij〉AB =
〈i|Mj |Γ 〉ABC
||Γ 〉ABC |
(7)
with
pij =
|〈i|Mj |Γ 〉ABC |2
||Γ 〉ABC |2
(8)
and |i〉 being the computational basis of Charlie’s system.
The average entanglement is
∑
ij
pijE
(|Υij〉AB) by which
we have (Note that we have omitted the subscripts for
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simplification.)
∑
ij
pijE (|Υij〉) =
∑
ij
pij
×E

α
√
q1ij
pij ||Γ 〉|2
∣∣Φ′ij〉+ β
√
q2ij
pij ||Γ 〉|2
∣∣Ψ ′ij〉


≤ 2
∑
ij
pij


∣∣∣∣∣∣α
√
q1ij
pij ||Γ 〉|2
∣∣∣∣∣∣
2
E
(∣∣Φ′ij〉)
+
∣∣∣∣∣∣β
√
q2ij
pij ||Γ 〉|2
∣∣∣∣∣∣
2
E
(∣∣Ψ ′ij〉)
+2
∣∣∣∣∣∣α
√
q1ij
pij ||Γ 〉|2
∣∣∣∣∣∣
∣∣∣∣∣∣β
√
q2ij
pij ||Γ 〉|2
∣∣∣∣∣∣


=
2
||Γ 〉|2
∑
ij
[
|α|2 q1ijE
(∣∣Φ′ij〉)
+ |β|2 q2ijE
(∣∣Ψ ′ij〉)+ 2 |αβ| √q1ijq2ij] , (9)
where
|Φ′〉 = 〈i|Mj |Φ〉√
q1ij
, |Ψ ′〉 = 〈i|Mj |Ψ〉√
q2ij
,
q1ij = |〈i|Mj |Φ〉| , q2ij = |〈i|Mj |Ψ〉| .
In addition, the first inequality in eq. (9) follows from the
inequality [11]
h(x) ≤ 2
√
x(1− x), (10)
with
h(x) = −x log
2
x− (1− x) log
2
(1 − x), (11)
and the original bound on entanglement of superposed
states given in Ref. [1] by replacing α and β in Ref. [1]
with α
√
q1ij
pij ||Γ 〉|
2 and β
√
q2ij
pij ||Γ 〉|
2 , respectively. Now, if we
suppose
{
q1ij ,
∣∣Φ′ij〉} is the optimal decomposition of ̺1AB
in the sense of minimal average entanglement, it is obvious
that
||Γ 〉|2E (̺AB)
≤ 2
(
|α|2E (̺
1AB) + |β|2Ea (|Ψ〉ABC) + 2 |αβ|
)
,(12)
where we apply the definitions ofE (̺AB) andEa (|Ψ〉ABC)
and the Cauchy-Schwarz inequality
∑
ij
√
q1ijq2ij ≤ 1. (13)
Analogously, let
{
q1ij ,
∣∣Φ′ij〉} minimize the entanglement
of ̺2AB, then
||Γ 〉|2 E (̺AB) ≤ 2
(
|α|2Ea (|Φ〉ABC) + |β|2E (̺2AB) + 2 |αβ|
)
.
(14)
Therefore, inequalities (12) and (14) can also be written in
a more symmetric form as inequality (5). If
{
pij , |Υij〉AB
}
is supposed to be the optimal decomposition in the sense
of maximal average entanglement, one will obtain
||Γ 〉|2Ea (|Γ 〉)
≤ 2
(
|α|2Ea (|Φ〉ABC) + |β|2Ea (|Ψ〉ABC) + 2 |αβ|
)
.(15)
The proof is completed. 
3 Bounds in terms of concurrence
We have employed von Neumann Entropy as bipartite en-
tanglement measure to investigate the minimal and the
maximal entanglement shared by Alice and Bob with the
assistance of Charlie, provided that they share a tripartite
quantum pure state. As we know, in general EoA and bi-
partite entanglement of mixed states are difficult to calcu-
late. In particular, EoA is not an entanglement monotone.
In this sense, EoA of superposition seems not to be a good
candidate for the investigation, even though one can not
worry about the EoA in the bound of E (̺AB) where EoA
can be only considered as a function. On the contrary, it
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has been shown that (2⊗ 2)-dimensional concurrence and
CoA of the (2 ⊗ 2 ⊗ n)- dimensional pure states are ex-
plicitly given and CoA is a good entanglement measure.
Next we restrict tripartite quantum states to (2⊗ 2⊗ n)-
dimensional case. CoA of a tripartite pure state |Υ ′〉ABC
can be defined [10,15] by
Ca (|Υ ′〉ABC) = max
∑
i
p′iC (|Λ′i〉AB) = F (ρ′AB, ρ˜′AB) ,
(16)
where
ρ′AB = TrC |Υ ′〉ABC 〈Υ ′| , (17)
ρ˜′AB = (σy ⊗ σy) ρ′∗AB (σy ⊗ σy) (18)
and
F (σ′, ρ′) = Tr
√√
σ′ρ′
√
σ′. (19)
The concurrence of ρ′AB is defined by [13]
C (ρ′AB) = min
∑
i
piC (|Λ′i〉AB) (20)
= max{0, λ1 −
∑
i>1
λi}, (21)
with λi being the square roots of eigenvalues of ρ˜
′
ABρ
′
AB
in decreasing order. The extremums in eq. (16) and eq.
(20) are taken over all possible decompositions of ρ′AB.
Theorem 2: Let |Φ′〉ABC and |Ψ ′〉ABC be two (2 ⊗
2⊗n)- dimensional pure states. The superposition state is
given by |Γ ′〉ABC = α |Φ′〉ABC+β |Ψ ′〉ABC , |α|2+|β|2 = 1.
Let ̺′AB =TrC (|Γ ′〉ABC 〈Γ ′|), ̺′1AB =TrC (|Φ′〉ABC 〈Φ′|)
and ̺′
2AB
=TrC (|Ψ ′〉ABC 〈Ψ ′|), then
||Γ ′〉ABC |
2
C (̺′AB) ≤
|α|2
2
[
C
(
̺′
1AB
)
+ Ca (|Φ′〉ABC)
]
+
|β|2
2
[
Ca (|Ψ ′〉ABC) + C
(
̺′
2AB
)]
+ 2 |αβ| , (22)
and
||Γ ′〉ABC |
2
Ca (|Γ ′〉ABC)
≤ |α|2 Ca (|Φ′〉ABC) + |β|2 Ca (|Ψ ′〉ABC) + 2 |αβ| ,(23)
where ||Γ ′〉ABC | denotes l2 norm of |Γ ′〉ABC .
Proof. Let {p′ij ,
∣∣Υ ′ij〉AB} be any ensemble that rep-
resents ̺′AB corresponding to a POVM operation Mj on
Charlie’s system analogous to that in Theorem 1. The
average concurrence is given by
∑
ij
p′ijC
(∣∣Υ ′ij〉AB
)
where
√
p′ij
∣∣Υ ′ij〉AB = 〈i|Mj |Γ ′〉ABC||Γ ′〉ABC | (24)
with
p′ij =
|〈i|Mj |Γ ′〉ABC |2
||Γ ′〉ABC |2
(25)
∣∣Φ′′ij〉 = 〈i|Mj |Φ′〉√
q′
1ij
,
∣∣Ψ ′′ij〉 = 〈i|Mj |Ψ ′〉√
q′
2ij
, (26)
q′
1ij = |〈i|Mj |Φ′〉| , q′2ij = |〈i|Mj |Ψ ′〉| . (27)
Note that we have omitted the subscripts for simplification
again. Thus,
∑
ij
p′ijC
(∣∣Υ ′ij〉)
=
∑
ij
p′ijC
(
α
√
q′
1ij
p′ij ||Γ ′〉|2
∣∣Φ′′ij〉+ β
√
q′
2ij
p′ij ||Γ ′〉|2
∣∣Ψ ′′ij〉
)
≤
∑
ij
p′ij


∣∣∣∣∣α
√
q′
1ij
pij ||Γ ′〉|2
∣∣∣∣∣
2 ∣∣〈Φ′′∗ij ∣∣ σy ⊗ σy ∣∣Φ′′ij〉∣∣
+
∣∣∣∣∣β
√
q′
2ij
p′ij ||Γ ′〉|2
∣∣∣∣∣
2 ∣∣〈Ψ ′′∗ij ∣∣ σy ⊗ σy ∣∣Φ′′ij〉∣∣
+ 2
∣∣∣∣∣αβ
√
q′
1ij
p′ij ||Γ ′〉|2
√
q′
2ij
p′ij ||Γ ′〉|2
〈
Ψ ′′∗ij
∣∣σy ⊗ σy ∣∣Φ′′ij〉
∣∣∣∣∣
]
≤ 1||Γ ′〉|2
∑
ij
[
|α|2 q′
1ijC
(∣∣Φ′′ij〉) + |β|2 q′2ijC (∣∣Ψ ′′ij〉)]
+2 |αβ| . (28)
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Here the first inequality follows from the definition of con-
currence for pure state and the inequality
∑
k
|zk| ≥
∣∣∣∣∑
k
zk
∣∣∣∣.
The second inequality is derived from the inequality (13)
and
∣∣〈Ψ ′′∗ij ∣∣ σy ⊗ σy ∣∣Φ′′ij〉∣∣ ≤ ∣∣∣∣Ψ ′′ij〉∣∣ · ∣∣∣∣Φ′′ij〉∣∣ = 1. (29)
If we suppose
{
q′′
1ij ,
∣∣Φ′′ij〉} is the optimal decomposition
of ̺′
1AB in the sense of minimal average concurrence, we
have
||Γ ′〉|2 C (̺′AB) ≤ |α|2 C
(
̺′
1AB
)
+|β|2 Ca (|Ψ ′〉ABC)+2 |αβ| .
(30)
Let
{
q′′
2ij ,
∣∣Ψ ′′ij〉}minimize the average concurrence of ̺′2AB,
then
||Γ ′〉|2 C (̺′AB) ≤ |α|2 Ca (|Φ′〉ABC)+|β|2 C
(
̺′
2AB
)
+2 |αβ| .
(31)
Inequalities (30) and (31) can be rewritten in the more
symetric form as inequality (22). If
{
p′ij ,
∣∣Υ ′ij〉} is supposed
to be the optimal decomposition maximizing the average
concurrence, one will get
||Γ ′〉|2 Ca (|Γ ′〉) ≤ |α|2 Ca (|Φ′〉ABC)+|β|2 Ca (|Ψ ′〉ABC)+2 |αβ| .
(32)
The proof is completed. 
As an application, by Matlab 6.5 we generate two
random (2⊗ 2⊗ 4)- dimensional pure states
|φ〉ABC = [0.4061, 0.1119, 0.1321, 0.4155,
0.2188, 0.3618, 0.0422, 0.3351,
0.2407, 0.1541, 0.1120, 0.0759,
0.2656, 0.2659, 0.2019, 0.2402]T , (33)
and
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Fig. 1. (dimensionless) The upper bound on CoA and the CoA
of the random generated state |γ〉
ABC
vs the absolute value |α|.
The dash-dot line corresponds to the upper bound of CoA, and
the solid line is the CoA of |γ〉
ABC
.
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Fig. 2. (dimensionless) Concurrence of TrC |γ〉ABC 〈γ| and
its upper bound vs the absolute value |α|. The dash-dot line
corresponds to the upper bound of concurrence, and the solid
line is the concurrence of TrC |γ〉ABC 〈γ|.
|ψ〉ABC = [0.3868, 0.0250, 0.4408, 0.0716,
0.1171, 0.1588, 0.1093, 0.0930,
0.0581, 0.2613, 0.1253, 0.0290,
0.2439, 0.4571, 0.3642, 0.3189]T. (34)
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The relation between CoA of the superposed state |γ〉ABC =
α |φ〉ABC+β |ψ〉ABC , |α|2+ |β|2 = 1, and its upper bound
with different |α| and the relation between bipartite con-
currence and its upper bound are shown in Fig. 1 and
Fig. 2, respectively. In fact, we have random chosen 106
pairs of (2 ⊗ 2 ⊗ 4)- dimensional |φ〉ABC and |ψ〉ABC , all
the numerical results show that Theorem 2 can provide
good upper bounds. From Fig. 2 one can find that the
upper bound is as large as twice the actual value of con-
currence. however, the ratio of the upper bound and the
actual concurrence is between 1 and 2. The minimal value
corresponds to the superposition including a W-type state
[17] with the probability trending to 1 and the maximal
one corresponds to the superposition of two GHZ-type [17]
state with equal probabilities. In fact, the state-dependent
tightness exists in all the relevant works [1,3-9]. The tighter
bound still needs further efforts.
4 Discussion and Conclusion
Before the end, we would like to taking eq. (5) in Theo-
rem 1 as an example (the others are analogous.) to briefly
discuss the lower bounds and the generalization to the case
of the superposition of more than two terms. At first, we
briefly state the introduction of lower bound. The state
|Γ 〉ABC = α |Φ〉ABC + β |Ψ〉ABC can always be rewritten
by
|Φ〉ABC =
||Γ 〉ABC |
α
|Γ 〉ABC
||Γ 〉ABC |
− β
α
|Ψ〉ABC . (35)
Apply eq. (5) in Theorem 1 to eq. (35), one can ob-
tain the analogous bound on E(̺
1AB). The upper bound
includes E (̺AB) and Ea (|Γ 〉ABC) which is further lim-
ited by eq. (6). On the contrary, a lower bound on E (̺AB)
can be derived from the upper bound. An analogous lower
bound based on the analogous expression to eq. (35) for
|Ψ〉ABC can also be obtained. The minimal lower bound
serves as a potential lower bound. Our theorems can be
straightforwardly generalized to the case of superposition
of more than two terms. Without loss of generality, sup-
pose the superposition of three terms as |Π〉ABC = a |Φ〉ABC+
b |Ψ〉ABC + c |Θ〉ABC which can be rewritten by
|Π〉ABC =
√
|a|2 + |b|2 |Γp〉ABC + c |Θ〉ABC (36)
with
|Γp〉ABC =
a |Φ〉ABC + b |Ψ〉ABC√
|a|2 + |b|2
, (37)
then we can apply eq. (5) to eq. (36) and obtain the up-
per bound on E (σAB) in terms of E (σAB1), E (σAB2),
Ea (σAB1) and Ea (σAB2) where σAB =TrC (|Π〉ABC 〈Π |),
σAB1 =TrC
(|Γp〉ABC 〈Γp|) and σAB2 =TrC (|Θ〉ABC 〈Θ|).
Employ eq. (5) and eq. (6) again on eq. (37), one can
obtain upper bounds on E (σAB1) and Ea (σAB1), respec-
tively, which will lead to the final upper bound on E (σAB)
in terms of the bipartitely shared entanglement of the
three superposed quantum states.
In summary, for a tripartite quantum pure state shared
by Alice, Bob and Charlie and superposed by two individ-
ual states, we have presented upper bounds on the en-
tanglement shared by Alice and Bob with assistance of
Charlie in terms of his different aims. We consider the
bounds by employing von Neumann entropy and concur-
rence respectively. The latter provides calculable bounds
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for (2 ⊗ 2 ⊗ n)-dimensional quantum states. In particu-
lar, although CoA maximizes the concurrence shared by
Alice and Bob, CoA is a tripartite entanglement mono-
tone instead of bipartite entanglement monotone [12]. It
is worthy of being noted that the lower bounds can be
naturally obtained similarly to Ref. [5,8], which is only
a simple algebra and briefly stated here. What is more,
the generalization of the presented bounds to the case
where there are more than two terms in the superposi-
tion is straightforward. We believe the tighter bounds on
the entanglement of superpositions is still important and
interesting for further work.
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